ABSTRACT This paper analyzes the stability problem of continuous-time switched systems with all subsystems unstable. With each switched system having a minimum dwell time, this paper considered that the Lyapunov function converges in the minimum dwell time and diverges beyond the minimum dwell time, respectively. Based on that, a new globally uniformly exponentially stability (GUES) result under average dwell time (ADT) method is proposed. By using a time-dependent quadratic Lyapunov function method, convex sufficient conditions for switched linear systems are derived. The resulting conditions in this paper are enforced using the sum of squares (SOS) programming. In real-world, equipment noise is unavoidable, which may result in inaccurate system matrices measurements. Therefore, it is necessary to analyze the stability of uncertain systems. Therefore, the condition for switched linear systems is extended to uncertain systems and the robust stability condition is derived. Some numerical examples are given to illustrate the advantages of our established results.
I. INTRODUCTION
The switched system is often regarded as a high-level abstraction of the hybrid system, which theory and application have been developed rapidly [1] , [2] . Composing of continuous-time or discrete-time subsystems and discrete switching events, switched systems can provide a general framework for modeling complex systems in many fields [3] - [11] .
Most of the previous research on the switched systems mainly focused on stable subsystems [12] , [13] . Recently, some have been proposed to deal with unstable subsystems [14] - [18] . The main idea of analyzing this kind of system is to activate the stable subsystems for a sufficiently long time to absorb the state divergence caused by the unstable subsystems and the switching signal. Nevertheless, the switched system with all subsystems unstable could be stabilized through designing the switching signal [19] - [25] . This issue has been discussed for many years, but it's still a challenging problem.
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As some subsystems of switched systems may be unstable because of equipment noise, sensor failure, or actuator failure. To the worst case where all the subsystems are unstable, one may carefully switch among unstable subsystems to make the switched system asymptotically stable. The existed research for the switched system with all subsystems unstable mainly focused on designing a state-dependent or timedependent switching signal. For state-dependent switching strategies, the switching law requires the information of full plant state [19] , [20] . But the switching law requires no information about the states of switched systems in the time-dependent switching strategies. In general, the timedependent switching signal is more convenient for stability analysis and stabilization. So, we design time-dependent switching signals in this paper. The paper [21] proposed a sufficient stability condition for continuous-time switched linear systems with all subsystems unstable which used a discretized Lyapunov function approach. The concept of H ∞ finite-time boundedness is first introduced for discretetime switched delay systems in paper [26] . The finite-time stability problem is addressed concerning interconnected impulsive switched systems in paper [27] . Based on the average dwell-time approach, some sufficient criteria checking the finite-time stability have been developed. The paper [28] investigated the composite anti-disturbance resilient controller design for Markovian jump nonlinear system with partly unknown transition probabilities and multiple disturbances. The paper [22] proposed a time-varying discretized Lyapunov function to analyze the stochastic stability of switched systems. The paper [23] proposed a novel multiple quadratic Lyapunov function approach and studied the problem of switching stabilization for a class of switched nonlinear systems under average dwell time (ADT) criteria. The paper [24] proposed a class of time-scheduled multiple quadratic Lyapunov function to analyze the stability of switched nonlinear systems. By using a switching-decreasing parameter-dependent Lyapunov function approach and maximum average dwell time method, the paper [25] obtained a sufficient condition to guarantee the robust stability of the nonlinear switched systems. However, [23] - [25] considered the Lyapunov function converges at switching moment, which leads to the results [23] - [25] not reflect the relationship between minimum dwell time and ADT. In some cases, those results result in an inadmissible problem where minimum dwell time is larger than ADT.
Previous works mainly discussed the continuous-time switched system with the discretized Lyapunov function technique based on linear matrix inequality (LMI) method. In particular, increasing the number of sample points could reduce the conservativeness of this approach, but it will increase the computational cost. The papers in [29] and [30] present an sum of squares (SOS) approach to analyze the stability of polynomial continuous and discrete fuzzy systems, respectively, which shows that the SOS approach provides more relaxed stability results than that of the existing LMI approach. They also illustrated the utility of the SOS approach in comparison with a piecewise Lyapunov function approach. The paper [31] obtains minimum and modedependent dwell-time stabilization conditions for switched systems by a time-dependent Lyapunov function method combined with the sum of squares programming. And the results are less conservative than looped-functional and piecewise linear function.
In practical engineering applications, when the system switching to a subsystem, the system would not switch to another subsystem right away. There exist a minimum dwell time which may be sufficiently small in this subsystem. This paper considered that the Lyapunov function converges in the minimum dwell time and diverges beyond the minimum dwell time, respectively. For Lyapunov function, the divergence will be absorbed during the minimum dwell time. Based on that, we proposed a new globally uniformly exponentially stability (GUES) result under ADT switching signals. The result we proposed reflects the relationship between minimum dwell time and ADT, which is better than the result in previous literature [23] - [25] . This paper derives convex stability conditions by constructing a time-dependent quadratic Lyapunov function. The stability conditions are described by SOS and solved by the SOSTOOLS [32] . As a consequence, the result in this paper is extended to uncertain systems with all subsystems unstable and the robust stability condition is derived.
The remainder of this paper is organized as follows. Section II gives systems description and preliminaries. Stability analysis for a switched system with all subsystems unstable is presented in Section III. Section IV provides some simple numerical examples to illustrate the main results obtained in Section III. Finally, conclusions are given in Section V.
Notations: The notations used are fairly standard. The superscript ''T'' stands for matrix transposition. N and N + denote the set of non-negative and positive integers. R denotes the set of real numbers. R n represents the ndimensional Euclidean vector space. The notation · refers to the Euclidean norm. The sets of positive definite matrices of dimension n are denoted by S n . I n ∈ S n denotes the n × ndimensional identity matrix.
II. SYSTEM DESCRIPTION AND PRELIMINARIES
Consider the following continuous-time switched system:
where A i is the system state matrix of the i-th subsystem.
x, x(0) ∈ R n are the state variable of the system and the initial condition, respectively. σ (t) is the switching signal, which is defined as σ : I = {1, 2, . . . , N }. N ∈ N + is the number of subsystems. The sequence of switching instants {t 0 , t 1 , t 2 , ..., t s } is increasing and does not exist any accumulation. Some definitions are presented as follows. Definition 1 [33] : For a given switching signal σ (t), the switched system (1) is GUES, if for any initial conditions x(t 0 ), there exists µ > 0, ν < 0, ∀t ≥ t 0 , such that the solution of the system satisfies x(t) ≤ µe ν(t−t 0 ) x(t 0 ) . Definition 2 [34] 
Then we said τ is the ADT of the system. Assumption 1: In practical engineering applications, when the system switching to a subsystem, there always exist a minimum dwell time which may be sufficiently small in this subsystem. So, we make the following assumption on the switching signal σ (t). In the switched system (1) , there exists a positive number with any given switching signal σ (t), such that
where is named as the minimum dwell time.
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III. STABILITY ANALYSIS
In this section, new stability results on continuous-time switched systems with all subsystems unstable under ADT switching signal will be derived. Lemma 1: Consider the system (1) . For the given scalars α > 0, 0 < β < 1, > 0. Suppose that there exist function V σ (t) (x(t)) : R n → R, and two positive scalars ι 1 and ι 2 , such that
then the system is GUES under any switching signal with ADT satisfying:
(7) Proof: Firstly, with Equation (6), one can easily obtain
Without loss of generality, we assume ∀t ∈ [t s + , t
With Equation (5) and (6), one can obtain
Let µ = β N 0 e −αN 0 , ν = ln β−α τ + α, then we have µ > 0 and
With the condition of (7), one can directly obtain ν < 0. Therefore, we conclude that V σ (t s ) (x(t)) converges to zero as t → ∞ as long as the ADT satisfies (7). Finally, the switched system (1) is GUES. This completes the proof. In practical engineering applications, when the system switching to a subsystem, the system would not switch to another subsystem right away. There will always be a minimum dwell time in terms of in this subsystem. In this paper, we considered that the Lyapunov function converges in the minimum dwell time and diverges beyond the minimum dwell time, respectively. For Lyapunov function, the divergence will be absorbed by the converge during the minimum dwell time.
Remark 1: In the paper [23] - [25] Consider the continuous-time switched liner system,
where A i is the system state matrix of the i-th subsystem. Theorem 1: Consider the system (11) . For the given scalars α > 0, 0 < β < 1,
then, the system is GUES for any switching signal with ADT satisfying
(15) Proof: Construct the Lyapunov function for continuoustime switched systems (11) as follows: V i (x(t)) = x T (t)R i (t)x(t), ∀i ∈ I and
] Case 1: When t at the t s switching moment, with Equation (12) hold, one can obtain
Case 2: When t ∈ [t s , t s + ], with Equation (13) hold, we can conclude thaṫ
Based on the discussions in both Case 1 and Case 2, we have
So we can conclude Equation (5) in Lemma 1 is satisfied. (14) hold, one can obtaiṅ
t)R i (t)x(t). With Equation
With Case 3, one can conclude that Equation (6) in Lemma 1 is satisfied. Finally, with Lemma 1, the switched system is GUES under any switching signal with ADT condition (15) . By using a time-dependent quadratic Lyapunov function method, the stability conditions are derived. The conditions of Theorem 1 are appealing. The conditions are convex in the system matrices A i , one could extend to the uncertain case. And a low number of decision matrices may derive tractable conditions.
The following proposition states the sum of squares program associated with the conditions of Theorem 1. 
where i, j ∈ I, i = j, is feasible. Then, the conditions of Theorem 1 hold. The polynomial programming techniques such as the sum of squares programming [35] , provide an adapted framework for solving such problems by restricting the matrix functions R(ξ ) to matrix-valued polynomial functions. The package SOSTOOLS [32] supply the necessary material for solving such problems. [23] , [36] . However, this approach suffers from a high numerical complexity compared to the proposed one [31] , [37] .
Remark 2: The SOSTOOLS is a free MATLAB toolbox for solving sum of squares problems, such as the stability conditions for polynomial Lyapunov functions. SOSTOOLS is developed as a consequence of the study in the sum of squares polynomials, these techniques solved the infinitedimensional feasibility problems. Another approach for those problems is considering the Lyapunov matrices to be piecewise linear as in
In real-world, equipment noise is unavoidable, which may result in inaccurate system matrices measurements. Therefore, it is necessary to analyze the stability of uncertain systems. Let us assume the system (11) is uncertain and the system redefines as the follows:
and
where the system state matrix A i of the i-th subsystem is uncertain. The matrices A i (t) are absolutely continuous to ensure the existence of solutions when the subsystems are time-varying. Theorem 2: Consider the system (21) . For the given scalars α > 0, 0 < β < 1,
The proof of this theorem uses the convexity of the stability conditions and the convexity of polytopes A i . The rest of the proof is the same as Theorem 1 which is omitted.
The following proposition states the sum of squares program associated with the conditions of Theorem 2. 
where i, j ∈ I, i = j, k = 1, 2, . . . , M , is feasible. Then, the conditions of Theorem 2 hold.
IV. SIMULATION
In this section, two examples are given to verify our main results obtained in this paper. Example 1: Consider the continuous-time switched system with the following unstable subsystems.
The eigenvalues of A 1 are λ 1,1 = −2.0288 and λ 1,2 = 0.4288, and the eigenvalues of A 2 are λ 2,1 = 0.4514 and λ 2,2 = −1.3514. It is obvious these two subsystems are unstable. Let α = 1.05, β = 0.4, = 1.0, and the degree of the R i is 3, with Theorem 1 the feasible solutions are obtained as follows: With Theorem 1, if we set τ < 1.8727, the system will be stable over time. Selecting the initial state x 0 = [3, −2] T under a switching sequence which satisfies above conditions, the state response is depicted in Fig.1 and the Lyapunov function response is depicted in Fig.2 . From the two figures, we can see the state and the Lyapunov function of the system converges to zero, respectively.
The proposed method allows approaching the upper-bound on the ADT as the degree of the R i 's increases. Considering the system of Example 1, the largest value of ADT is 1.8727 if the degree of the R i is 3. When the degree of the R i is 5, the largest value of ADT changed to 1.8810. And when the degree of the R i is 8, the largest value of ADT changed to 1.8859. If we set the minimum dwell time = 1, then the ADT τ = − ln β/α + . We can get the largest value of τ by searching parameters. The corresponding result for different is shown in Table 1 . As discussed in Remark 1, traditional stability condition is sensitive to parameters. In this example, by the result in [24] , one could have τ < 6.3961 if the minimum dwell time of the system is = 10, which is not allowed.
Example 2: Consider the uncertain continuous-time switched system with the following unstable subsystems.
2 }. The eigenvalues of A [1] 1 are −2.0536 and 0.0536, the eigenvalues of A [2] 1 are −2.1091 and 0.1091, the eigenvalues of A [1] 2 are 0.0374 and −1.3374, and the eigenvalues of A [2] 2 are 0.0325 and −1.2325. It is obvious that these subsystems are unstable.
Let α = 1.2, β = 0.4, = 1, and the degree of the R i is 2, with Theorem 2 the feasible solutions are obtained as follows: With Theorem 2, if we set τ < 1.7636, the system will be stable over time. We set h 1 = 0.2, h 2 = 0.8, so A 1 = 0.2A [1] 1 + 0.8A [2] 1 and A 2 = 0.2A [1] 2 + 0.8A [2] 2 . Selecting the initial state x 0 = [−2, 3] T under a switching sequence which satisfies above conditions, the state response is depicted in Fig.3 and the Lyapunov function response is depicted in Fig.4 . From the two figures, we can see the state and the Lyapunov function of the system converges to zero, respectively.
V. CONCLUSION
This paper provides new results on the GUES problem for continuous-time switched systems with all subsystems unstable under ADT criteria. According to each switched system has a minimum dwell time, the obtained result reflects the relationship between minimum dwell time and ADT, which solves the problem that previous literature is sensitive to parameters. Moreover, convex stability conditions are derived by using a time-dependent quadratic Lyapunov function method. The conditions proposed are extended to an uncertain case which improves the robustness of the system. The key idea also can be extended to switched systems with stable or with all stable subsystem. This is our further work. Finally, two examples are presented to illustrate the above results.
